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During the last years, several methods have been proposed for handling constraints by evolut.ion-
ary algorithms for parameter optimisation problems. These methods include those based on penalty 
functions, preserva tion of feasibility, decoders, repair algorithms, as well as some hybrid techniques. 
Most of these techniques have serious drawbacks (some of them may return infeasible solution, others 
require many additional parameters, etc). Moreover, none of these techniques has utilized knowledge 
on which constraints are satisfied, and which are not . In this paper we explore an evolutionary algo-
rithm for constrained parameter optimization problems which uses parent matching and constraint 
matching mechanisms. By making more information available to the evaluation function, and using 
preferences rather than penalties we are able to combine the good features of earlier techniques with 
parent and constraint matching. The results show that the these techniques give better results than 
relying on only constraint violations on selected test cases . 

1 Introduction 
The general nonlinear programming (NLP) problem is to find x so as to 

optimize f(x), x = (x1, . . . , xn) ERn, 

where x E F . :F is the set of feasible solutions and is defined by a set of m constraints (m 2: 0) : 

9j(x):::; 0, for j = 1, .. . , q, and hj(x) = 0, for j = q + 1, ... , m. 

The NLP problem, in general, is intractable: it is impossible to develop a deterministic method for the 
NLP in the global optimization category, which would be better than the exhaustive search. This makes 
a room for evolutionary algorithms, which aim at complex objective functions (e.g., non-differentiable 
or discontinuous). Consequently, during the last few years, evolutionary t echniques were extended by 
some constraint-handling methods. In a recent survey paper [15] various methods incorporated by these 
algorithms were grouped into four categories: (1) methods based on preserving feasibility of solutions, 
(2) methods based on penalty functions , (3) methods which make a.clear distinction between feasible and 
infeasible solutions, and ( 4) other hybrid methods . 

The first category requires the design of specialized operators (e.g., arithmetical crossover , non-uniform 
mutation [11 , 12], geometrical crossover [14], sphere crossover (23], etc). Clearly, to maintain feasibil-
ity of an individual , a specialized operator (which incorporates the knowledge about problem-specific 
constraints) should be used [22]. The methods based on penalty functions require many additional pa-
rameters, the major ones being the penalty coefficients themselves. Apart from static penalties [4], there 
were some experiments reported on the use of dynamic penalties [5, 10] and adaptive penalties [1, 25], 
where the search length and the feedback about constraint violation, respectively, was incorporated . 
The third category of methods emphasizes the distinction between feasible and infeasible solutions. For 
example, one particular method [24] (called a "behavioral memory" approach) considers the problem 
constraints in a sequence; a switch from one constraint to another is made upon arrival of a sufficient 
number of feasible individuals in the population. The final category includes methods which combine 
evolutionary computation techniques with deterministic procedures for numerical optimization problems 
[27 , 16]. In particular , the method by Myung et al. [16] divides the whole optimization process into two 
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separate phases. During the first phase, evolutionary algorithm optimizes a modified objective function, 
whereas during the second phase the optimization algorithm of Maa and Shanblatt [7] is applied to the 
best solution found during the first phase. 

In this paper we explore further an evolutionary algorithm {CONGA) with additional features [3], 
which are very appropriate for constrained parameter optimization problems. Some of these features are 
similar to those proposed in the past, but some other features are new. It seems that combination of all 
these features is responsible for very good performance of the new algorithm. 

The paper is organized as follows. The next section presents the general ideas which were incorporated 
in the construction of the CONGA system. Section 3 discusses the features of this system, and section 4 
reports experimental results. Section 5 concludes the paper. 

2 General ideas 
In evolutionary computation the main link between the algorithm and the problem is the evaluation 
function. This function influences the rating of individuals in the population: better individuals have 
better chances to survive and reproduce. However, in NLP the ranking of individuals is not straightfor-
ward: apart from optimizing the objective function f, the solution should satisfy a set of constraints. 
The main issue is: how should we compare two {infeasible) individuals, xl. and x2, if f(x!) < f(x2), 1 and 
x! satisfies two (out of m= 4) constraints, whereas x2 satisfies three constraints? Which of these two is 
better? Should we also take into account the amount of constraint violation? 

In most methods, which have been proposed and experimented with during the last few years, the 
evaluation function returns just a single numeric value which is used to compare individuals. The most 
popular approach is based on the concept of penalty functions, which penalize infeasible solutions, i.e., 
try to solve an unconstrained problem using the modified fitness function: 

eval(x) - { f(x), 
- f(x) + penalty(x), 

if x E :F 
otherwise, 

where penalty(x) is zero, if no violation occurs, and is positive, otherwise. Usually, the penalty function 
is based on the distance of a solution from the feasible region :F; in many methods a set of functions fj 
(I ::; j ::; m) is used to construct the penalty, where the function /j measures the violation of the j-th 
constraint in the following way: 

if 1 ::; j ::; q 
if q + 1 :S j :S m. 

There are many possible ways of constructing penalty functions. One particular approach was devel-
oped by Powell and Skolnick [18]: the method distinguishes between feasible and infeasible individuals by 
adopting an additional heuristic rule (suggested earlier by Richardson et al. [19]): any feasible solution is 
better than any infeasible one. Thus, infeasible individuals have increased penalties: their values cannot 
be better than the value of the worst feasible individual. 

Of course, we are not limited to a singleton numerical value. For example, some methods use of 
the values of objective function f and penalties fJ (j = 1, ... , m) as elements of an evaluation vector 
and apply multi-objective techniques to minimise all components of the vector. For example, Schaffer's 
[21] Vector Evaluated Genetic Algorithm (VEGA) selects 1/(m + 1) of the population based on each of 
the objectives. Such an approach was incorporated by Parmee and Purchase [17] in the development of 
techniques for constrained design spaces. On the other hand, in the approach by Surry et al. [26], all 
members of the population are ranked on the basis of constraint violation. Such rank r, together with 
the value of the objective function f, leads to the two-objective optimization problem. Chu and Beasley 
[2] also considered two-objective optimization problem; a vector of two values consisted of the value of 
the objective function and a measure of the "unfitness" of an individual. 

The approach used in CONGA is based on following observations: 

• As in the behavioural memory approach, the search should run in two phases: (1) the phase of 
searching for feasible solutions and (2) the optimization phase. In this respect, the approach is 
similar to that of [16], however, our phases have somewhat fuzzy boundaries. During the first phase 
of the search the values of objective function are ignored due to the fact that all individuals are 
infeasible (assuming, of course, that this is the case). Gradually, with larger and larger numbers of 

1 Let us assume here a minimisation problem. 
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feasible individuals in the population, the value of the objective function is of growing importance, 
and the second (optimization) phase of the search plays the major role (i.e., fine-local tuning of the 
best individuals). 

• The evaluation function should assist us in comparing two individuals. If both individuals are feasi-
ble, the value of the objective function, of course, should be taken into account. If both individuals 
are infeasible, the value of the objective function is meaningless (contrary to all approaches based 
on penalty functions). In such cases, information on constraint violation should be considered. 
Additionally, it is reasonable to assume that feasible individuals are always better than infeasible 
ones ( a.c; in [18]) . 

• The evaluation function can also assist us in other ways. In particular, it might be useful in 
selecting a second parent for a given one (for the crossover operator). For example, if the evaluation 
function keeps a record of which constraints are satisfied, then the second parent can be selected 
t.o maximize the number of constraints which are satisfied by both parents (in this way the second 
parent complements the first parent and the generated offspring hopefully satisfies a larger number 
of constraints). 

The idea of matching parents is not new to EAs, the idea is discussed by Ronald [20) , but for the 
applications he presented, the selection of the second parent did not depend on the first parent at all. 
Hence, the function to select the second parent, seduction{), acted as a secondary fitness function using 
a different global criterion from the main fitness function. 

3 The CONGA system 
The evolutionary algorithm developed , CONGA (COnstraint based Numeric Genetic Algorithm) is a 
genetic algorithm for finding optimal or near optimal solutions for numeric problems with constraints. 
The fitness function eval (as described in the previous section) returns information on which constraints 
are not satisfied and the extent of the violations as well as the value of the objective function: 2 

eval(x) = (f(x),v,s,C>, 

where 

• f(x) -is the value of the objective function ; 

• v-is the number of violated constraints (0:::; v:::; m); clearly, v = 0 implies that the solution xis 
feasible . This value can be used in comparison between two individuals (smaller v, the better); 

• s = 2:::;'=1 f](x); this sum of squares of the measures of constraint violations provides with infor-
mation on unfeasibility of each individual. This value can be used to break some comparison ties 
(e.g., when two individuals satisfy the same number of constraints); 

• c = (cl, ... , en) - is the constraints satisfied mask. This is a binary vector of length m ; bit i 
is set iff the ith constraint is satisfied. This vector can be used to select individuals for crossover 
(individuals would complement each other in terms of constraints satisfied). 

New individuals are generated by either crossover or mutation, but not both. Hence we can have two 
selection functions, "SelectFirst" which selects an individual for mutation or the first parent for crossover, 
and "SelectFor" which, given a selected parent, finds it a mate for crossover. For both functions the 
information used in selecting an individual depends on the characteristics of the individuals involved. 
CONGA uses tournament selection with a tournament size of 2 and the rules for winning the tournament 
in "SelectFirst" are given below: 

• if both individuals are feasible, select individual with the better value of the objective function; 

• if only one individual is feasible, select it; 

• if both individuals are infeasible, select individual with 

- smaller number of violated constraints v . If equal, select individual with 
2 The aim here was to mimic more closely parent selection practices in nature: a number of characteristics of prospective 

mates are considered, and the characteristics which are considered to be desirable in a mate influence its selection. 
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smaller constraint violation measure s if they satisfy the same constraints c, else use random 
choice. 

In "SelectFor" procedure, which chooses a mate for a parent, we can be more creative. To choose between 
two potential mates which are both infeasible and satisfy an equal number of constraints, we choose the 
individual which has the least number of satisfied constraints in common with the already chosen parent. 
Here we select the potential mate that best "complements" the already selected parent by satisfying the 
constraints that the first parent does not satisfy, in a hope that crossover will create a new individual 
that satisfies more of the constraints than either parent does. 

In CONGA the function variables (genes) are represented as fixed point reals using a 20 bit binary 
representation with Gray encoding. The range of values represented is the smallest range common to 
all the domain constraints. The percentage of the population to be replaced is set by a parameter; the 
worst of the current generation is replaced by the new generation. Any duplicate individuals generated 
are discarded. Six point binary crossover and Cauchy mutation were used. Cauchy rather than Gaussian 
mutation was used as the longer tails with the Cauchy distribution was thought to be beneficial [6]. Mu-
tation is implemented by first decoding the gene an an unsigned integer and adding a Cauchy distributed 
random number of mean zero and spread t which is scaled by multiplying it by half the maximum possible 
value of the unsigned integer. This new value is then encoded into the gene. 

Self-adaptation for the mutation strength was implemented by adding an extra gene to the chromosome 
which encoded the "spread parameter" for the Cauchy distribution. This was initialised to a small range 
of values, and self-adaptation is enabled when this gene was allowed to participate in mutation. This gene 
is only allowed to mutate in feasible individuals. The reason is that the search for feasible individuals 
was considered to be an exploratory phase and it was not considered appropriate to tune the mutation 
strength during this phase: The number of genes to be mutated in a chromosome is controlled by ..\, the 
mean for a Poisson distributed random number. Hence if we have n genes in a chromosomes, each with 
a 1/n probability of mutation, we would use ..\ = 1. 

It should be noted that most of the parameters of CONGA were set to values which were thought to 
be "reasonable", no proper testing has been done to determine if these values are the most appropriate 
ones to use. 

In Hinterding & Michalewicz [3] the results of CONGA are compared with those of Genocop [9, 13] 
and showed it produced comparable or better results. For these experiments a population size of 100 was 
used, 97% of the population was replaced in each generation, 50% ·of the new individuals were produced 
by crossover and 50% by mutation. All the results reported were produced from batches of 20 runs. 

4 Experiments and results 
The test functions3 G 1 - G5 are taken from [8] and cover a range of constraint based problems with both 
linear and non-linear constraints. These test functions are summarised in Table 1; for each test function 
(TF) we list the number n of variables, type of function, the number of constraints of category (linear 
inequalities LI, nonlinear equations NE and inequalities NI), the number a of active constraints at the 
optimum, together with the value "Opt." of the objective function at the optimum. 

TF n Type off LI NE NI a Opt. 
G1 13 quadratic 9 0 0 6 -15.00 
G2 8 linear 3 0 3 6 7, 049.33 
G3 7 polynomial 0 0 4 2 680.63 
G4 5 nonlinear 0 3 0 3 0.054 
G5 10 quadratic 3 0 5 6 24.31 

Table 1: Summary of test functions 

For test function G4, the problem was reduced by hand to one of two variables by using the three 
nonlinear equations. There are other methods to deal with the equality constraints but they have not 
yet been tested. An equality constraint F(x) = 0 could be replaced by two constraints F(x) ::; (}"and 
F ( x) 2:: -(}" for some suitably small (}" . 

3 see Appendix 
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In this paper we explore the selection mechanisms introduced into CONGA . We do t his by progres-
sively simplifying the selection preferences used in the selection functions. These preferences only affect 
the selection of infeasible individuals. The cases considered are: 

• Parent matching (Par. match)- Use the selection functions of CONGA unchanged. 

• Constraint matching (Con. match) -Disable the parent matching mechanism. This means that 
instead of using "SelectFor" for finding a mate for crossover, "SelectFirst" is used instead . 

• Constraint Count (Con. count) -Here we only consider the number of constraints satisfied v and 
if they are equal the constraint violations s. 

• Violations- Consider only the constraint violations s. 

A series of 20 runs was performed on all the test functions using each of the selection variations. 
The results are in Table 2, each run used 140,000 evaluations and statistics are obtained at ten intervals 
during the runs . 

Par. match Con. match Con. count Violations 
TF .>. feas . feas% mean u mean u mean u mean u 
G1 1 14,165 46% -1 5 .00 4.3e-4 -15.00 3.9e-4 -14.80 6. 2e-1 -14.70 7.3e-1 
G2 3.5 42,295 19% 7,804.33 5.7e 2 7,934 .81 8 .1e2 8,305.54 1.8e3 9,102.80 2.3e3 
G3 4 14, 165 62% 680.72 5.6e-2 680 .71 4 .6e-2 680.70 4 .2e-2 680.70 4.7e-2 
G4 1.5 100 99% 5,596# 1,696# 6,503# 1 ,521# 6,355# 2,2371# 6,123# 1,492# 
G5 3.5 14,165 46% 25 .61 5.7e-1 25 .69 8.3e-1 26 .30 1.5e0 26.33 1.3e0 

Table 2: CONGA: comparison of selection preferences 

In Table 2 the value of ..\, the maximum number of evaluations to find a feasible solution in all the 
20 runs (feas .) , the percentage of the population that is feasible at the end of the run (feas %), and the 
mean4 and standard deviation (o-) of the average best values found, are given . The value of..\ used was 
determined experimentally for each function. (see [3]). 

From Table 2 it can be seen that generally as the selection preferences are simplified, the results 
deteriorate. The exceptions are G3 and G4; these both have more than 50% of the individuals feasible 
at the end of the run, and hence the method of selecting infeasible individuals will have a lesser affect . 
On the other functions using constraint mat ching and/or parent matching give improved results. 

Figures 1 & 2 show in more detail the selection preference differences for test function G2. Figure 1 
plots the mean constraint violations s for the best individuals during the runs . Again using just t he 
constraints satisfied v and the violations s give the slowest minimisation of the violations, but using 
parent matching is worse than just using constraint matching. This is confirmed in Figure 2, where the 
objective function values are plotted, and using parent matching only gives better values towards the end 
of the runs. 

In Figure 3 we plot the objective function values with error bars giving the standard deviation of the 
obj ective funct.ion values for just the parent matching and constraint match preferences (the values for 
the constraint match preferences have been offset to the right so the error bars can be seen). We see here 
that initially the standard deviation for the parent matching values is much larger and only gets smaller 
than the constraint matching values towards the end of the runs when objective function values also 
become smaller . What appears to be happening is that parent matching for infeasible individuals results 
in a greater exploration in the early part of the runs, but the benefits only become apparent towards 
the end of the runs. Another possibility is that the parent matching mechanism is most beneficial near 
the end of the runs when it could encourage more diversity in the population. This problem is highly 
constrained, six of the eight constraints are active at the optimum, hence increased diversity could be 
beneficial. 

5 Conclusions 
The approach used to deal with constraints in an EA was to get it to utilise more knowledge: in this case 
about the constraints. The evaluation function, the link between the problem and the EA, was modified 
to return information about which constraints were satisfied and the extent of the violations as well as 

4 Note the val~e followed by# is the mean of eva ls to find the optimum in all 20 runs. 
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the function objective value. This allowed selection and parent matching to be implemented as a set of 
preferences. These preferences cover cases where the individuals are feasible and infeasible and define the 
global behaviour of the EA. 

Infeasible individuals are penalised, without using penalties, as they are not preferred as parents, 
and because of the same preference any feasible individual is better than an infeasible one. Also t.he EA 
appears to do a two-phase search but this is just a result of the mix offeasible/infeasible individuals in the 
population. The EA always trys to optimize feasible individuals and to produce feasible individuals from 
infeasible ones, but of course feasible individuals must first be found if none are in the initial population. 

As mentioned earlier, the idea of matching parents is not new to EAs [20], but the idea of matching 
an infeasible parent with one that satisfies the constraints it does not, is novel for EAs. The utility of 
this and the other preferences have not been tested separately. 

We have shown that the use of parent matching and constraint matching is beneficial for constrained 
parameter optimisation problems. These mechanisms only affect the selection of infeasible individuals 
but seem to have a beneficial affect during the whole of the run, rather than just in the first part of the 
run when feasible individuals are sought. A possible explanation is that the mechanism encourages more 
exploration in the latter part of the run as well, and hence maintains greater diversity in the population. 

The results also seem to confirm that infeasible individuals carry information which can be used to 
advantage in the search for the optimum as the parent matching and constraint mask are only used in 
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selecting among infeasible individuals. 
Further testing on other constrained optimisation problems needs to be done. The results are promis-

ing and show that evolutionary algorithms can be used for constrained optimisation problems without 
having to introduce extra parameters. 
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Appendix 

The Test Functions 

Test Function G 1 

The problem is to minimise the function: 
4 13 

G1 ( x) = 5x 1 + 5x2 + 5x3 + 5x4 - 5 L xt - L x;, 
i=l i=5 

subject to : 

2x2 + 2x3 + x11 + x12 :S; 10, -8x1 + X1o :S; 0, 
-8xz + x11 S 0, -8x3 + X12 :S; 0, 

-2xs- X7 + xu S 0, 
-2Xg- X9 + X12 :S; 0, 0 :S; X; S 1, i = 1, ... , 9, 
0 S X; S 100, i = 10, 11, 12, 0 S X13 S 1. 

The function G1 is quadratic with nine linear constraints, the global optimum is at: 

x* = (1 , 1,1 , 1, 1, 1,1,1,1,3,3,3 , 1) , 

where G1(x*) = -15 . 

Test Function G 2 
The problem is to minimise the function: 

G2(x) = x1 + xz + X3, 

where 

1 - 0.0025(x4 + x 6) 2: 0, 1 - 0.0025(xs + X7- x 4) 2: 0, 
1- O.Ol(x8 - x5 ) 2: 0, x 1x 6 - 833 .33252x4 - 100x1 + 83333.333 2: 0, 
Xz X 7 - 1250x5 - XzX 4 + 1250x4 2: 0, x 3 x 8 - 1250000- X3 X5 + 2500x5 2: 0, 
100 S X } :S; 10000, 1000 S Xi :S; 10000, i = 2, 3, 
10 S X; S 1000, i = 4, ... , 8. 

The function G2 is linear with three linear and three nonlinear constraints and has its global minimum 
at : 

x* = (579. 3167, 1359.943,5110 .071,182 .0174, 295.5985,217.9799 , 286.4162, 395.5979) , 
where G2(x*) = 7049 .330923 . 

Test Function G3 
The problem is to minimise the function: 

G3(x) = (x1 - 10) 2 + 5(xz- 12) 2 + x~ + 3(x4- 11) 2 +!Ox~+ 7x~ + xj- 4x6X7- 10x6- 8x7, 

where 

127- 2xf - 3x~ - X3 - 4x~ - 5xs 2: 0, 
282- 7xl- 3xz- lOx~ - x4 + x5 2: 0, 
196- 23x1 - x~ - 6x ~ + 8x1 2: 0, 
-4xi- x ~ + 3x lx 2 - 2x~ - 5x 6 + 11x7 2: 0, 
-}Q.O::; Xi::; 10.0, i = 1, . . . 1 7. 

The function G3 is a polynomial with 4 nonlinear constraints and has its global minimum at: 

x* = (2 . ~-130499, 1.951372,-0.4775414,4.365726,-0.6244870,1.038131, 1.594227), 

where G3(x*) = 680.6300573. 
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Test Function G4 
The problem is to minimise the function: 

where: 

2 2 2 2 2 1"0 5 X1 + X2 + X3 + X4 + X5 = > X2X3- X4:Z:5 = 0, 
x~+x~=-1,-2.3:Sx;:::;2.3, i=1,2, 
-3.2 :::; Xi :::; 3.2, i = 3, 4, 5. 

The function G4 is nonlinear with three nonlinear equations and has its global minimum at: 

x* = ( -1.717143, 1.595709,1.827247,-0.7636413, -0.7636450), 

where G4(x*) = 0.0539498478. 

Test Function G5 
The problem is to minimise the function: 

G5(x) 

where 

xf + x~ + x1x2- 14x,- 16x2 + (xa -10) 2 + 4(x4- 5)2 + (x 5 - 3) 2 

+ 2(x6- 1)2 + 5x~ + 7(:z:s -11)2 + 2(xg- 10)2 + (x 10 -7)2 + 45, 

105- 4x, - 5x2 + 3x1- 9x8 2: 0, 
-10x, + 8x2 + 17x7- 2xs 2: 0, 
-3(:z:l - 2) 2 - 5:z: 9 + 2x~ + 7x4 + 120 2: 0, 
-5xr- 8x2- (xa- 6) 2 + 2x., + 40 2: 0, 
-xf- 2(x2- 2) 2 + 2x1x2 - 14xs + 6xs 2: 0, 
-0.5(x, - 8) 2 

- 2(:z:2 - 4) 2 - 3:z:~ + xs + 30 2: 0, 
3xl- 6x2- 12(x9 - 8)2 + 7x10 2: 0, 
-10.0:::; Xi :::; 10.0, i = 1, ... 1 10. 
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The function G5 is quadratic with three linear and five nonlinear constraints, and has its global 
minimum at: 

x* = (2 .171996, 2.363683,8.773926,5.095984,0.9906548,1.430574,1.321644,9.828726,8.280092, 8.375927), 

where G5(x*) = 24.3062091. 
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